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The diffraction of regular waves by a vertical circular cylinder in finite depth water is
considered, within the frame of potential theory. The wave slope kA is assumed to be
small so that successive boundary value problems at orders kA, k242, and k*4* can be
formulated. Here we focus on the third-order (k*4%) problem but restrict ourselves to
the triple-frequency component of the diffraction potential. The method of resolution
is based on eigenfunction expansions and on the integral equation technique with
the classical Green function expressed in cylindrical coordinates. Third-order (triple-
frequency) loads are calculated and compared with experimental measurements and
approximate methods based on long-wave theories.

1. Introduction

In the recent past there has been much concern in the offshore industry about
the ‘ringing’ problem. Ringing is a phenomenon that has recently been seen in some
deep-water structures such as tension leg platforms (TLP’s) and gravity base towers,
when their natural periods fall in the 3-5 s range. Model tests and measurements at
sea have revealed bursts of resonance in design sea-states, i.e. sea-states with peak
periods typically 3 to 5 times the resonant periods. Such ratios suggest that strongly
nonlinear phenomena occur in the loading process.

Wave loads on large offshore structures are usually tackled within the framework
of potential theory. For a vertical circular cylinder, at high Reynolds numbers, this
approach is justified as long as the wave amplitude does not exceed the radius.

For a fixed structure, nonlinearities in the boundary value problem are confined
to the dynamic and kinematic boundary conditions at the free surface. (For the
loading other nonlinearities intervene owing to the quadratic term in the Bernoulli
equation and to the pressure integration around the waterline.) When the free surface
boundary conditions are linearized, resolution of the resulting linearized, or first-order,
diffraction problem yields loads occuring at the wave frequencies and proportional to
the wave amplitude. For a vertical cylinder the problem was first solved by Havelock
in 1940 for infinite water depth and extended by Mac Camy & Fuchs to finite depth
(e.g. see Mei 1983).

Development of the tension leg platform concept aroused interest in the next order
of approximation: the second-order diffraction problem, where loads at the sum (and
difference) frequencies of the wave components are produced. These loads, known as
‘springing’ loads, affect the tethers in moderate sea-states and must be accounted for
when calculating their fatigue life.



204 S. Malenica and B. Molin

Second-order diffraction theory has now become a well-established topic. After
pioneering papers by Lighthill (1979) and Molin (1979), diffraction loads on vertical
cylinders were given by Molin & Marion (1986) and Eatock Taylor & Hung (1987).
Numerical methods were subsequently proposed that yield localized second-order
pressures (instead of the global loads), or even the second-order potential in the
complete fluid domain (Kim & Yue 1989; Scolan & Molin 1989; Chau & Eatock
Taylor 1992). Springing loads are now calculated in a standard way for such complex
structures as TLP’s at their resonant frequencies (Chen & Molin 1991; Newman &
Lee 1992; Eatock Taylor & Chau 1992).

As already described, higher-order than second-order theories are required to
predict ringing loads. Rather than trying to extend diffraction theory to higher orders,
many researchers are following a different route, whereby the complete nonlinear
problem is solved in the time domain. In two dimensions, so-called numerical
wave tanks have proved valuable tools to study such problems as wave generation,
propagation, and diffraction on obstacles (e.g. see Cointe 1990). So it appears to be
just a matter of adding another dimension and increasing the size of the problem. So
far only very limited results in three dimensions have been given (e.g. Romate 1989;
Ferrant 1994).

Another approach is based on the observation that ringing occurs in long waves,
typically at ka values around 0.15—0.30, k being the wavenumber and a the radius.
In such a long-wave regime, first-order diffraction loads are reasonably well predicted
by the so-called Morison equation when only the inertia term is retained. It has
been conjectured that the Morison equation, or extensions of the Morison equation,
could then be used to predict the nonlinear components of the loading as well.
Such extensions (accounting for the quadratic term in the Bernoulli equation, and
for spatial gradients in the incoming flow) have been proposed by Madsen (1986)
and Rainey (1989), and used to predict ringing behaviour (Jefferys & Rainey 1994).
More recently Faltinsen, Newman & Vinje (1995) have produced a low-ka low-kA
theory (4 being the wave amplitude), that gives the lowest-order approximations
(in terms of ka) to the O(k’A4?) (second-order) and O(k*4°%) (third-order) loads.
It should be noted that their approach differs from the one followed here in the
sense that they assume the radius a and the wave amplitude A to be of the same
order.

To establish the domain of validity of such approximations, ‘exact’ results are
needed. Comparisons with experimental results may be considered. Unfortunately,
for the time being, physical experiments do not appear to be a tool reliable enough
to produce such elaborate information as third-order (triple-frequency) loads.

These considerations have motivated the present study, where we calculate exactly
the third-order loads on a fixed vertical cylinder in finite depth. By ‘exactly’ we
mean according to the classical Stokes perturbation scheme: the wave amplitude (or
steepness) is of order €, but the wavelength and radius are unrestricted (order 1).
In the next section we develop the general equations of the problem, and formulate
the boundary value problems (BVP) satisfied by the diffraction potential, at first,
second, and third orders. Associated expressions for the loads are given. The
following section is devoted to the resolution of these problems. It is based on
eigenfunction expansions and use of the Green function in cylindrical coordinates.
Thanks to the geometry the second-order diffraction potential can be obtained semi-
analytically in a manner similar to the one proposed by Chau & Eatock Taylor (1992).
The procedure is then extended to the calculation of the third-order (triple-frequency)
loads contributed by the third-order diffraction potential. These computations involve
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intricate numerical integrations on the complete free surface. In the last section
a comparison is made with available experimental results, which exhibit a large
scatter and do not permit full validatation of our numerical results. They are then
compared with those given by the long-wave theory of Faltinsen et al. (1995), and
the overlap region is found to be reduced to very small values of the non-dimensional
wavenumber ka.

2. General equations
2.1. Boundary value problems

Classical assumptions of perfect fluid and irrotational flow are made. We define a
right-handed coordinate system (x, y, z), with z = 0 the undisturbed free surface, the
axis z pointing upward and coinciding with the cylinder axis. The cylinder is standing
on the sea bottom, assumed to be horizontal at z = —H. The cylindrical coordinate
system (r, 8,z) will be used most often. The incoming wave system propagates along
the x-axis.

The flow can be described by a velocity potential &(x, y, z, t) that obeys the following
equations.

In the fluid:

A® = 0. 2.1)

Combination of the dynamic and kinematic conditions at the free-surface results
n:

02 oP op
— +g— 4+ 2VP - V— 4+ VP V(VD VD) =0 2.2
{azz +gaz+ Vo V0t+2v ( ) }z=5 (2.2)
where Z(x, y, t) is the free surface elevation
1o
E=——|—=—+:VO-VO . 23
{ g ( 6t + 2 ) }z=5 ( )
On the cylinder wall and sea floor the no-flow condition is written:
VO-n=0, (2.4)

and finally an appropriate radiation condition must be satisfied at infinity. The
convention used throughout this paper is that the normal vector » is pointing out of
the fluid domain.

The main difficulty lies in the free surface conditions which are nonlinear and
are written at an unknown position. To overcome this problem we proceed in the
classical way suggested by Stokes. First we assume that the displacements of the free
surface are small and we express quantities at the exact free surface by Taylor series
developments based on the mean free surface position. We write

of@)| | 1..09()

0z =

0(=%). 2.5
R > + O(E7) (2.5)

z=0

fE)=10)+&

This gives for the free surface elevation

1 (od 100 0 3
Se=—_(=41 . — 0] 2.6
g (a: Ve Ve 0t02> + () (26)
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and for the free surface condition

‘f;t +800 = VoV Ve V(Ve- vo)+ Lo2 (aa;az + ‘?;f)
08 (02118 .10
1 (é%?aﬁj.gz_ ;vqs-w) (5’3;% +g227f>
_ Q% (%ff) (%’;_2 n g%f> +0(2"), 2.7)

this equation being applied at the mean position of the free surface z = 0.
The next step is the introduction of the perturbation series with respect to wave
steepness (¢ = koA with ko the wavenumber, 4 the wave amplitude):

@ = eV + 202 + 293 + 0(). (2.8)
Also we assume time periodicity at frequency w for the flow at first order:
edV = Re{pVe™!}, (2.9)
from which we easily deduce the form of the higher-order potentials:
g9 = % + RefpPe 1}, (2.10)
£¢¥ = Re{pPe™} + Re{pPe™ ). (2.11)

As stated in the introduction we are interested only in high-frequency phenomena. So
the potentials #? and  will be discarded. The same perturbation series is assumed
for the free surface elevation =:

E=eEW425@4£22010(e)
— RC{T] l)e—m}t}+n(2)+Re{"(2)e—2i(ut}+Re{ﬁ(3)e—iwt}+Re{n(3)e—3i(ut}+0(64), (212)
After introduction of the perturbation series for the potential in the original free

surface condition we obtain the following free surface conditions and free surface
elevations at the corresponding orders:

O(e)
2o
M 99 _
vol) + = =0, (2.13)
10
't = —ol; (2.14)
g
0(&)

op?  iw 320 dopW
—4vo? = DLyl — 1,M —y—t
4V(P + 0z g V(P VQD z(p ( 622 v oz )} ’ (215)

2iw 1 v2
= ?"’(2) - &EV‘P“’ Ve — e (2.16)
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30®  3iw iw 3D 9
9y + g’z =?V¢(2)°V¢(I)_E [q,(l)( a‘i’z — 4y g’z )

0% oo
202 —
+ee ( 522 oz ):l

1 v oV
-3 Vol - (Ve - Vo) — Loyt . y 22
g g 0z
1 oW 2 G
2y 82 L 1y .yt _
+4g (wp P +5Ve' Vo > ( 352 Vs ) (2.17)

where v = w?/g Also, all these potentials must satisfy the Laplace equation in the
fluid domain, the no-flow condition on the fixed boundaries and adequate radiation
conditions which will be discussed later.

2.2. Wave loads
They are calculated by integration of the pressure over the time-varying wetted surface

of the cylinder:
F=// pndS (2.18)
Sp

where the pressure is calculated from the Bernoulli equation:

o
p=—087— 0=~ Lo(VD)~. (2.19)

In order to collect the terms at the different orders in ¢ the integral on the wetted
surface is decomposed in two parts:

//SB=//SBO+//AS=//SBO—+-/CBO/OEpndde, (2.20)

Spo being the mean wetted surface and Cpy the mean waterline.
The loads are decomposed as:
F=cFY 4+ 2F@ L JFO 104
= Re{FWe "} + FD 4 Re{FPe 2!} + Re{F Ve !} + Re{FPe '} 4 0(e*)

(2.21)
and the following expressions are obtained at the first three orders:
0O(e)
FU = / / iwop'Vnds, (2.22)
Sso
0(&%)

FI = // (iwee'? — 1oVe" - Vol )ndS + %Qg/ nYyadC, (2.23)
So

Cgo
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FO — // (3160@@(3) — 1V - Vo )nds + %Qg/ nD(n® — %v,,(l)”m) ndC.
S, C,
" ” (2.24)

3. Calculation of the potentials

The boundary value problems for the potentials at the different orders have the
same form and the resolution will be discussed in the general case. Consider the
following boundary value problem for the potential ¢:

in the fluid
Ap =0, (3.1)
at the free surface z =0
0
—ap+ 2 = 00r,0), (32)
at the fixed boundaries (cylinder surface and bottom)
do
i 33
2 o, (33)

and a radiation condition for the diffracted part which will be discussed in each
particular case.
The following decomposition of the potential is introduced:

¢ =@ +¢p =01+ @p; + ¢pp (3.4)

where ¢, denotes the incident potential, and ¢p, and ¢pp represent diffraction
components.

The incident components are easy to calculate in all three cases because these
potentials do not satisfy the condition on the body or the radiation condition. At the
free surface they must satisfy

do

—apr+ == = 0i(r.0) (3.5)

where Q,(r,0) denotes the right-hand sides of the free surface conditions (2.15),
(2.17), in which only the terms coming from direct products of incident potentials
are retained.

The first part ¢p; of the diffraction potential is chosen to satisfy the condition on
the cylinder and an homogeneous condition on the free surface. It follows that it
satisfies the usual Sommerfeld radiation condition.

The BV.P. is
A¢D1=05 _HSZS()’ )
0
—a@pr + q)ZDI 0, z=0,
Oppr _ g(ﬂl _
. b e
Por _ z=—H,
o0z o0
lim [(kor)‘/2 (—arﬂ - ikoq)D,)] —0, r— oo, J

where ko is the solution of o = kg tanh ko H.
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The second part ¢pp of the diffraction potential satisfies the homogeneous condition
on the cylinder and a non-homogeneous one at the free surface:

A(pDDZO’ —H<Z<O, )
~xpop+ 222 = 0y(r.0). z=0,
d¢pp 0 B (3.7)
=0, r=a,
on
depp _
oz z=-H

and a radiation condition for r — oo, that needs to be made precise. The forcing term
on the free surface Qp(r,6) contains all remaining terms in Q(r, 8) after subtraction
of the pure incident contributions: Qp(r,8) = Q(r, ) — Q,(r,6).

Since we consider the case of a circular cylinder and because of the symmetry of
the flow about the x-axis we develop all quantities as cosine Fourier series:

£(r,0,2) =Y enfulr,z)cosmf (3.8)
m=0

where €, is equal to 1 for m =0 and 2 for m > 0.

3.1. Potential @p,

As explained earlier this potential is a standard linear diffraction potential and can
be found easily, by eigenfunction expansions, in the form

@1 = Y_ enlfo(2)BmoHm(kor) + D fu(2)BunKm(kar)] cos mo (3.9)
m=0 n=1

where H,, are Hankel functions of the first kind H,, = J,, +1Y,,, and K,, are modified
Bessel functions. The functions f,(z) are defined by

coshko(z + H) cosk,(z + H)
- el = 7 3.10
fo(z) coshkeH falz) cosk.H (3.10)
with o = kg tanhkoH = —k, tank,H.
If we express the incident potential as
oy =f1(Z)Z€m901m(T)COS'n9 (3.11)

m=0

we can enforce the condition on the cylinder and obtain for the coefficients f,, the
following expressions:

— 2C0 a(plm

b0 =~ 2 | S 512
— 2C’l a(le

B =~k o) ar ()/ Ful2)fi(2)dz, (3.13)

where Cp and C, are defined by

- [z/o fé(z)dz]gl, C,= [2/0 fﬁ(z)dz];l (3.14)
_H —-H
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3.2. Potential ¢pp
This part of the potential is the most difficult to calculate because of the non-
homogeneous condition on the free surface. The method which will be used is based
on the use of the Green function expressed as a series of eigenfunctions.
Consider a Green function which satisfies the following set of equations:

AsG(x,8) = é(x), -H<{<0, 1

oG
‘“G+;§g=0> T (3.15)
oG .
a—c— = 0, C - _Ha

G

. 1/2 bl -
Iim [(kop) ( 2 zkoG)} 0, p—x, )

where x and ¢ represent respectively the source point (r,0,z) and the field point
(p,3,£). & is the Dirac delta function and A; represents the Laplace operator with
respect to the & variable.

The solution for G(x, &) is well known (e.g. see Mei 1983) and can be written in
the following form:

o

G(x, &) = enGu(r,z;p,{)cosm(f — 9), (3.16)

m=0
with

m(kOr)Jm(kOp)
C(m%”waJnmhm

I ¢ m{knt M) r>p
S a(ere  neno  ((20). e

Gu(r,z;p,0) =

n=1

We now write the classical integral equation

<¢Du(x)> /S DD(g)an & gs — // (x,&)0p(p, 9)dS (3.18)

//[ 5‘!’00(5) DD(g)(?G(x f)} ds (r>a>‘
S r<a

It can be shown (see Appendix A), although not quite rigorously, that the integral over
the control surface at infinity S,, disappears at all three orders and this disappearence
represents, in some way, the radiation condition for this part of the potential.

The next step is to develop the solution for ¢pp on the cylinder, as a series of
eigenfunctions. For each Fourier mode we write

@oom(@,2) = fo(2)Amo + Y Ful2) A (3.19)

n=1

If we now write the integral equation for a point inside the cylinder, r = a —d(a >
¢ > 0) we can deduce the values of the A4,, coeflicients by using the orthogonal
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properties of the eigenfunctions:

26, / Ho(kop)Qom(p)pdp

Ao = Roafl o) , (3.20)
2C, / Kn(knp)Qom(p)pdp
Ay = ——24 : : :
knaK,,(kna) (32D

By substituting these expressions into the integral equation we obtain the expression
for the potential at any point in the fluid:

pom(rs2) = miCofo(z)Hmkor) / Un(kop) — ZmoHn(kop) Qom(p)pdp

+23 CufoleKanllar) [ Unlkep) = Zunknlbop ) Qonp)oClp

n=1

+ TEiCOfO(Z)[Jm(kOr) - ZmOHm(kOr)] / | Hm(kOP)QDm(p)pdp

23 Cfainthor) = ZuKollar)) [ Knlhop)Qonlplpdp (32)
n=1 r

with
Jnkoa) _ L)
H,(koa)’ ™K (kea)’
This is the same expression as obtained by Chau & Eatock Taylor (1992) by using a
modified Green function that satisfies the homogeneous condition on the cylinder. Al-
though the solution is expressed as a series of eigenfunctions which individually satisfy
the homogeneous free surface condition, it can be shown that the sum of the series
satisfies the non-homogeneous condition when z — 0~ (Chau & Eatock Taylor 1992).
In order to calculate the forcing term QU in the free surface condition for the
third-order potential ¢'® we need to know the second-order potential ¢® at the free
surface, and some of its derivatives. So the logarithmic singularity that occurs in
expression (3.22) for qog})m must be treated carefully when evaluating these quantities
(Fenton 1978; Chau & Eatock Taylor 1992). For details we refer to Malenica (1994).

Zmo = (3.23)

4. First-order potential
The solution for this potential is well known and we just recall it here:

igA T SN
o = —EL gt = 2210 X;eml Im(kor) cos md, (4.1)
m=
o) = ig4 f“)(z)i‘e i"Z W H,, (kor) cos m0 (4.2)
DI o 0 ~ m mo -+ m ’
o =0 “3)

with v = w?/g = kotanhkoH and Z'9) = J' (kea)/ H.,(kea).
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5. Second-order potential
In this case the coefficient a is 4v and the forcing term on the free surface is

2,1 (1)
Q‘Z(r 9) = [ch“) V(p(” (p <a‘/’ _va(p )} (5.1)

0z?2 oz

which in the case of a fixed cylinder can be written as
iw iw
Q(r,0) = ?_—g(3v2 — ko' + EVow“) - VooV (5.2)

with V; denoting the horizontal gradient

o 10
Vo= (5;’;55’0)

5.1. Incident second-order potential @2)
The forcing term Qﬁz)(r, f) is given by
JiwA? v
2 sinh*koH

The potential which satisfies the free surface condition with this forcing term, the
Laplace equation in the fluid and the no-flow condition on the bottom is also well
known:

i(l) la) ikgr cos
QP (r,0) = £(3v2—k5><p‘,“2 + ?VO@“-VW = eharcesd - (5.3)

@ _ 31a)A cosh 2ko(z + H) Q2ikorcos
I

8 sinh* koH
31wA2 cosh 2k0(2 + H) o .
== - m 2 . |
8 sinh4 k()H ; Eml m( kOr) cosmb (5 4)

5.2. Second-order diffraction potential gog}

The general solution is given in §3.1 and it can be applied in a straightforward
manner. We define the wavenumbers kg, k,, as

4v = ko tanh koH = —x, tank, H. (5.5)
One needs only to apply equations (3.12) and (3.13) where

@ cosh 2ko(z + H) o 3iwA? Voo

7)== ——— 7 = Ju(2kor 5.6
i) 4y sinhzkoH nlr) = 2 sinh? koH1 (2kor) (56)
and the z integrals are given by

/ Y O Pz = / Y 0Pz =
LR el IR

1
. 5.7
4k3 + K2 (3.7)

5.3. Second-order diffraction potential gogf,

The general solution for this gart of the potential is given by (3.22). In the second-
order case the forcmg term Q) )(r,0) is given by

QY (r,0) = <3v — k)L 42" <p$>“>+ <V<p Vool +2Voo" - Voo)). (5.8)
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Knowing explicitely the first-order potential we can easily calculate the Fourier modes
Qpm(r), by using the following identities:

o w
i Emllm COS MA Z enfncosnf = Z €m Z(anﬁm+n + %minBn)
m=0 n=0 m=0 n——

+ Z Om—nfBn| cOs MO,

© w e L (5.9)

> emtmsinmd H " e,f,sinnb = Z €m Z(a,,ﬁm+n + GsnBn)
m=0 n=0 m=0

— Z Cmnfn | COS MB.

n=0 Y,

Besides the problem of the singularity in the calculation of the potential (pg}, on the
free surface, which was briefly discussed in §3.2, there is another important problem
in the application of equation (3.22), namely the treatment of the infinite oscillatory
integral:

/ " Ha(k0p)Q2,(0)pdp. (5.10)

To simplify this task we proceed in a similar way to that used by Kim & Yue (1989)
or Chau & Eatock Taylor (1992). First of all we make use of the followmg 1dent1t to
eliminate the radial derivative of the first-order potential in the expression for QDm

/ /S xVopVopdS = = / / owVox — 1 <pV w+on<p)}dS

LA o

By setting y = Hy(xop)cosm3, ¢ = (p oy = (p( and then p = (p(l) we obtain

/ H,(x0p)Q5) (p)pdp——(3v +kE—xd) / Hu(kop)[05) 05 + 207" 03 1pdp

0Hn(Kop)
2g{ b 0l + 200 001 mp

8 0 b
— 2Hy(Kop) [qoﬁ," g”” +o!" ;;p +<pﬁ’%] p}. (5.12)
m p=r

This simplifies the infinite oscillatory integrals which now involve only triple products
of Hankel functions and can be calculated in the semi-analytical way proposed by the
authors mentioned above. The numerical method which is used for the numerical part
of the integration is the simple trapezoidal rule combined with Romberg quadrature.
In fact we do not need more-sophisticated methods because we must calculate the
second-order potential at points very close to the free surface anyway, in order to
calculate its radial derivative numerically, by finite differentiation. So the infinite
oscillatory integral (5.10) is calculated only once for » = a and then we move from
left to right by Ar and successive integrals are obtained by simple subtraction of
the trapezoidal surface from r to r + Ar. Owing to the special treatment of the
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singularity at the free surface this procedure is not possible for the parts associated
with the modified Bessel functions K,,, but these contributions being localized can
be calculated for each point separately, with a sufficient accuracy and without very
much computational effort.

6. Third-order potential

For the third-order problem the coefficient « is 9v and the forcing term on the free
surface is

3iw iw 0% o
(3) — 2. ) _ 7 (1) —
Q" (r,0) Z Vo'@ - Vo 72 [fp ( 57 Y5, )
200 g
(2) _
+20 < 922 oz )}

— ivq,u) V(Yo - Vo) — Loy . VQ‘L(B
8g g 0z

1 gtV oM ppl)
(1) (1), (1) _
t i ( voll—— + Vo' - Vo )( =5~ v ). (61

Q0® has two components: the first one, Q¥(r,6), involves triple products of first-
order quantities, whereas the second one, Q(23)(r,6), involves products of first-order
and second-order quantities. As in the second-order case we can simplify their
expressions, taking advantage of the geometry and of the fact that the cylinder is
fixed:

1
00,0 = —@[Voqo(” *Vo(Voo - Vo) + (13v2 — k2)p DV - Vool
+ Vv3(TKZ + 3v)eV, (6.2)

0P (r,0) = {3V0<p<” Voo + oV [ (2102 — k)o@ + 5vQ? — ;aa"’z ]} (6.3)

6.1. Potential ¢\”
By introducing (4.1) and (5.4) in the above expressions we obtain for Qﬁ” (r,8)

3iwk3A3

D(r,0) = ———2——(11 — 2 cosh 2koH e tereos? 6.4
&0 = gk o h2koH)e (64)
and we deduce the third-order incident potential
3
o) = “"k"A 10K (11— 2 cosh ko) 2K+ H) s ons
sinh’ koH
k A3 -
= o 0 (11 — 2 cosh 2k H)W—) Z €mi™Jn(3kor)cosml.  (6.5)
sinh'koH = =

We observe that both the second-order and third-order incident potentials are zero
in the case of infinite water depth (note again that we deal here only with the 3w
component of the third-order potential).
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6.2. Potential ¢§)

The procedure is exactly the same as at second-order, with the wavenumbers pg, p,
defined by

9v = pgtanh yoH = —p, tan u,H. (6.6)
We now have
cosh3ko(z + H
0)(z) = — Sosh Koz + H) (67)
24kq sinh” koH

3) _ 31(0’(6/13

= —————(11 — 2 cosh 2kg H 1" J,,(3kor). 6.8
Prm 8sinh4k0H( cosh 2koH )i"J,,,(3kor) (6.8)

The z integrals are

/ Y P = / L P o)z = (6.9)
! kg —wy Ju" ! '

Ok + 2’

6.3. Potential (pm

We shall only consider the contribution of the potential ¢%) to the third-order force.
From equation (2.24) this contribution is

0
FO), = —6imgan / o), dz. (6.10)
~H

We can write

0 © ! 18yCcP® 2 —18vC(3)
dz= 0 , B 5dp.  (6.11
/_H Phpdz = / [uoaH oy Hilson) +Z ok a1 1n) | Qo1()dp. - (6.11)

As in the second-order case the main difficulty is associated with the calculation of
the integrals over the free surface. The two contributions to Qm (6.2) and (6.3), will
be treated separately. With the first one, calculations can be performed easily because
the first-order potential is known explicitly and use of (5.9) for the products of two
series gives the values of Ql D(r #) without much computational effort. So we write
simply

05, 0) = 0 (r,6) — 0} (,6). (6.12)
The second part Q%(r,@) can be developed as follows:

500 == {3(Vo<p Voo + Vools Vo)

(1)

52
(2)
Q1v2 —k2)e%) + 5v05 3 3.2 }

D121y — 3k)e <2>+5vQ}2’]}. (6.13)

The difficult terms are those which contain the potential <p§§’. This potential, its radial
derivative, and its double z derivative, all appear. By using the identity (5.11) we can
avoid the calculation of either the double z derivative or the radial derivative. Here
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we have prefered to eliminate the double z derivative which is more complicated to
calculate. To do this we use expression (5.11) in the form

62
/ / "’D ds =2 / / Vool - Voo 'ds — / (Vox +kgneop'ds
SF SF

5% q) @ (1)
_ 2 M b PP )dC  (6.14
/Ca[q) %0 x<<p ap+ap (6.14)

where the integral over C, is omitted because it disappears in the same way as the
integrals 1) (see Appendix A).
This leads to the following expression:

/ / L08ds = / / 105348 + 2 / Vool ds
S Sr

+2/ ) (20 + (lﬂaﬁ dc (6.15)
2% Je, @ 0p op Xe op :

with Q%) which is now free of double z derivatives:

0% =—[(2V0<P Vol + 3Vo0} Vool?) + (2167 — 3k3)e} of”
+<21v — 1Mol + 5v(0M0Y + 05 0] (6.16)
By setting first y = H{(upp)cos# and then y = K (u,p)cos 6, we obtain
0 18vc? = iw
ds = — 187G / 5 [(3)_ o 4 2100, } d
/—H (Ppm ugaH ) 1uop) 1077 — Oy + sz ﬂozg((P | pdp
OO .
18\)6‘3 / 3) 1¢) n_Q@
() |01~ 088 +05: +12 520 o
~ ,u,,aK (1) 1 -0 sz u 28 ®p N P
iwa | 18vCY 2. 18vCY w 0of”
—E [ OaH( Oa) 1(,“0 ) Z 3 K (/1 ) l(ﬂna):l ( 6,0 l‘p=a

1
&((P(n(Pg))llpmz (6.17)

where (); and []; denote the first Fourier modes of the expressions within the brackets

With equation (6.10) this is the final expression for the evaluation of the (p
contribution to the force F®). As in the evaluation of the potential ¢pp on the free
surface, there are two main problems in the application of this expression. The first
one is the local contribution associated with modified Bessel functions K;(u,a) and
the same method as used in the calculation of the local contribution to the potential
@pp on the free surface can be used. In fact the coefficient u2 which is introduced by
the transformation (6.15) is annulled by the integral:

/ f9(z)dz = _9_; (6.18)
My
and we have the same type of logarithmic singularity.
The second problem concerns the oscillatory integral assocrated with the Hankel
function Hj(uer). Since there is no analytical expression for (pDD we cannot calculate
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FIGURE 1. First- and second-order components of the free-surface elevation at the waterline, for
H = a,va = 2.0. Comparison with Kim & Yue’s results.

this integral in a semi-analytical way, as in the second-order case, and we must
integrate it numerically until convergence. Advantage is taken of the fact that the
integral asymptotically oscillates in r at known spatial frequencies (see Appendix A)
to filter them out. It was found that convergence is usually reached within two or
three wavelengths from the cylinder. We refer to Malenica (1994) for details.

7. Results

The method of calculation was first validated at second order by comparing our
results with those obtained by Kim & Yue (1989). Figure 1 shows the free surface
elevation at the waterline, compared to Kim & Yue’s numerical results. The case
considered is H = a, va = 2.0. The notation is

1w
0 = 12 o0, (1.1)
g
§? = —iV(p(l) Vol — Xi(pm(p(l) (1.2)
1 4g 2g ’
@ _ 280 o (7.3)
g
7@ =~ Ly g 4 X e, (7.4)
4g 2g

these quantities being calculated for z = 0. In (7.4) * stands for the complex conjugate.
The agreement is excellent.
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together with its radial derivative. H = 10a;
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pla

FIGURE 4. Real and imaginary parts of QS{ at the free surface (see equations (7.8) and (6.17)).
H = 10a; va =0.5.

The figures that follow show intermediate calculation results for the case of a water
depth equal to 10 times the cylinder radius (H/a = 10), and for va = 0.5.

Figure 2 shows the local and oscillatory contributions to the second-order diffraction
potential (pDDm(r z) for m = 1 and z = 0 (at the free surface). The three curves
correspond to the real and imaginary parts of

02 (1,0) = 7iC? Hy(ior) / Un(op) — Z 2 Ho(k0p)1 02, (0)pdp

+ 7CP Um(Kor) — Z, 3 H(1or)] / Hy(k0p)Qon(p)pdp,  (1.5)

02 (1,0) =23 CPK p(xr) / Un(00p) — Z2K (IO, (p)pdlp

+257 CO o) — ZEK (1) / Kn(k:)0E(p)pdp,  (1.6)

n=1

9obm(r>0) = @55 (r,0) + @hp (1, 0). (77)

Then figure 3 shows the real and imaginary parts of the total second-order diffrac-

tion potential (po(r z) for m = 5 and z = 0, together with its first radial derivative
(obtained numerically by finite differenciation).

We now come to the calculation of the free surface integral (6.17), where the
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FIGURE S. Free surface integral (see equation (7.9)). H = 10a; va = 0.5.

difficulty resides with the first term because of its oscillatory nature. Figure 4 shows
the real and imaginary parts of QDp defined as

05) = 01 — Q1) + 0%, — ﬂo?_ (995, (78)

and figure 5 shows the oscillatory integral I(r), defined as

I(r) = / Hi(1op)05) (0)pdp. (1.9)

From this figure it does not look as if convergence is going to be quickly attained
when r increases. The same kind of problem occurs at second order, and the same
remedy as used in Molin & Marion (1986) has been utilized here: advantage is taken
of the fact that the leading-order oscillations of I(r) are known (see Appendix A)
to filter them out numerically,. When vH > 3 (deep water) it is particularly easy
because the oscillatory pattern repeats itself at half-wavelength intervals (we then
have ko = 4ky and po = ko).

Finally we present results for the third-order horizontal load F® which is decom-
posed into three components:

F{” is the part which comes from triple products of first-order quantities:

iw
FY = —go0 [ 1M V6 )2 + (o) lndC; (7.10)

Cao
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FIGURE 6. Third-order horizontal force on a vertical cylinder, decomposed in its three components.
H = 10a. (a) Real parts, (b) imaginary parts.

FY from products of first-order and second-order quantities:

1
F = *59//3 Vo'l - VoPDnds —QV/ ¢WoPndC; (7.11)
B0

Cao

and F{” due to the third-order potential:

FY) = 3iwg / »¥nds. (7.12)

So
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FIGURE 7. Modulus of the third-order horizontal force, compared to experimental resuits.
H = 10a for the calculations.

Still for H/a = 10, figure 6 shows the real and imaginary parts of these three
components (as functions of koa), together with their sum. It can be seen that all
contributions are important. Figure 7 shows the modulus of F®), together with
experimental results. These results were obtained by re-analysing data from experi-
ments carried out within the scope of the VRMTLP Project (Moe 1993). The tested
cylinder is a 1:40 scale model of one column of the Snorre TLP (radius: 12.5 m;
draught: 37.5 m). These tests were considered as more reliable than others because
they had produced second-order loads in very good agreement with calculated values.
Unfortunately, as can be seen from the figure, the third-harmonic component of the
measured force shows quite an appreciable scatter and no definitive conclusion can
be drawn from the comparison. The objection can be made that the Snorre TLP
column has little in common with a cylinder going all the way down to the sea floor.
For kpa > 1 the first-order wave field hardly reaches the bottom of the column and
both structures can be regarded as equivalent (for the first- and third-order loads;
not for the second-order ones!). As a matter of fact, when comparing figure 6(a) with
figure 8(a), which relates to the case koH = 8, little differences can be seen at low koa
values. This shows that, unlike second-order ones, third-order pressures are localized
near the free surface.

Since ringing occurs in long waves, with typical koa values in the range 0.15-0.25,
we present in figure 8 the real and imaginary parts of the third-order force, for
0 < kga < 0.25. In these calculations the water depth H varies with koa so that koH
remains equal to 8. Calculations were also performed at koH = 4 and gave identical
results, showing again that third-order pressures do not penetrate the water column
deeply.

As mentioned in the Introduction, some authors have suggested that long-wave
theories could be used to predict the nonlinear components of the loading at low
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koa values. Faltinsen et al. (1995) give the third-order horizontal force, for koa and
koA — 0, as asymptotically equal to

F® = 2inggkia® A° (7.13)

with F” accounting for one half, and FY and F{ for one fourth each. These
asymptotic values are plotted on figure 9, which is a blow-up of figure 8(b) for
0 < koa < 0.05. For Fl3J and its asymptotic value, we observe a good agreement,
which actually extends to koa values over 0.10. However F{ and F ) depart from the
theoretical values given by Faltinsen et al. much earlier, for kga around 0.02. Further
comparisons between our results and Faltinsen er al.’s are given in Appendix B.
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FIGURE 9. Imaginary part of the third-order force, for kga < 0.05 and koH = §, compared with the
asymptotic results of Faltinsen et al.

8. Discussion

An important result obtained in this analysis is that long-wave theories may not
be applicable to the calculation of triple-frequency loads. As a matter of fact we
did not expect them to do well for kpa > 0.05, the reason being that their domain
of validity seems to shrink as the square of the order of the load that they are
used to predict: at first-order, the Morison equation with 1+ C, = 2 does predict
accurately the diffraction loads for kga < 0.50. At second-order the agreement with
the exact calculations (accounting for the second-order diffraction potential) is limited
to koa < 0.12. Since the double-frequency free waves are four times shorter (in deep
water) than the first-order ones, it is tempting to infer that the significant parameter
is koa at first order, xoa at second order, and poa at third order. poa less than 0.50
means kga less than 0.05.

From the results shown on figure 9, it looks as if 0.05 was too optimistic a figure
and that it must be cut by half.

Another conclusion that can be drawn from these considerations is that the spatial
resolution of the problem must be in accordance with the free wavelength at frequency
3w (2r/ug). This is no problem with the numerical method employed here, owing to
the Fourier series decomposition in the polar angle which reduces integrations on the
free surface to line integrals. But it could be a problem in three-dimensional numerical
wave tanks, since it means that the first-order wavelength needs to be discretized into
about 100 elements. The resulting number of panels might be prohibitive.

Our final comment is on validation. We have checked our developments and
calculations as thoroughly as possible, but it is quite regretable that there be no reliable
experimental data to confirm them. The same problem has plagued the development
of second-order diffraction theory for years. Improvements in the experimental
techniques have become a major issue for the progress of hydrodynamics.
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This work was carried out within the scope of the CLAROM project: ‘high
frequency resonances of offshore structures’, partly supported by the French Ministry
of Industry. Partners in this project are Bureau Veritas, Doris Engineering, IFP,
Ifremer, Principia and Sirehna.

Appendix A. Far-field behaviour of the third-order diffraction potential
Here we want to show that integrals such as

0¢pp(&) _
ap

I = 31_1.210 ®pp(§) (A1)

[G(x, 3

S.

0G(x, §)
5 } ds

which are involved in the integral equation (3.18) are zero.

The radiation condition for the second-order diffraction potential has long been a
controversial issue. In Molin’s original analysis (1979), it was tentatively shown that,
at large radial distances, the second-order diffraction potential, to the leading order
(0(A%/p'/?)), consists of two components: waves ‘locked’ to the first-order wave-field,
with local wavenumber vector ko; + kog (ko; being the wavenumber vector of the
incoming waves, and kos the local wavenumber vector of the first-order diffracted
waves, in the radial direction); and ‘free’ waves, travelling in the radial direction with
wavenumber «p (given by 4w? = gko tanhxoH). Even though this result was not
established on purely rigorous mathematical grounds, it has now been accepted as
being correct.

This result comes out straightforwardly when one assumes that, far away from
the body, the first-order diffraction waves can locally be regarded as plane waves
traveling in the radial direction. The second-order analysis of such a dual plane wave
system is easy and gives the locked waves. Radial free waves then must be added to
account for the nonlinearities occurring in the vicinity of and on the structure.

Here we just assume that the same kind of approach can be used to determine
the far-field wave system of the third-order diffraction potential. The result is that,
to the leading order O(4%/p'/?), the third-order diffraction potential consists of three
components: ‘locked” waves with wavenumber vector 2 ko + kog; ‘locked’” waves with
wavenumber vector ko; + ko ; and ‘free’ waves, travelling in the radial direction, with
wavenumber u, given by 9 w? = g yy tanh poH.

To summarize, the diffraction potential admits, at first, second, and third order, the
following far-field expressions:

first-order

o0~ 129) 0

D P72 )(g)eikop + 0(,0-3/2), (A2)

second-order

hpr(9) coshK (¢ + H) | hpr(9) coshko(l + H)
) 9) ~ DL 1 iko p(1+4-cos 3) DF 1Ko p
(PD (p’ ) p1/2 COShKlH € + pl/z COSh K()H ©

+0(p™"),
(A3)
third-order
)y, g) ~ 1oL(3) COShKo(C + H) o p142c058) | G201(3) COShK(E + H) ipqipeoss)
@p (p,9) o2 coshK,H © + pl/2 coshK3;H ©
gpr(3) cosh uo({ + H)
p'?  coshuoH

er + 0(p™), (A4)
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where

Ki =ko(2(1 +cos 9))'%, Ky =ko(5+4cos )2, Ki = (k& + i3 + 2ok cos )"/

(A5)
are the wavenumbers of the locked waves, K; at second order, and K,, K3 at third
order.

Knowing the far-field behaviour of the Green function and using the stationary
phase method we can easily deduce the asymptotic behaviour of the integrals I,,:

1 . .
If,? ~ ‘_)1_/5 [hle'P("°+4k°) + hze‘p""], (A 6)

1 . ) ) .
Ig) ~ ——pl/Z [qle‘p("°+3k") + qzelp(uo+xo+ko) + q3elp(ﬂo—ko) + q4elp(ﬂo+xo~ko)]’ (A7)

which are thus zero when p — oo

Appendix B. Comparison with Faltinsen et al.’s (1995) theory

As mentioned in the Introduction, Faltinsen et al’s theory rests upon different
assumptions, namely both the cylinder radius a and the wave amplitude 4 are
assumed to be small, and of the same order. In our approach only A is small
(compared with the wavelength). So it is not obvious that both sets of results are
comparable. Still we believe they must be, because Faltinsen et al. produced a
triple-frequency load that is O(A43), that is third order in the wave amplitude, just like
ours. So their and our triple frequency loads should agree in the limit ka — 0.

In this Appendix we report two further comparisons between Faltinsen et al’s
theory and ours, dealing with the second-order (double harmonic) potential, and the
F{) component to the third-order loads.

The second-order diffraction potential is given by Faltinsen et al. as

(pg) = —iw ko Ala (wo(r’ z)+ Po(r, z) cos26) (B 1)

(their equation (3.14), with a correction in sign to account for our slightly different
conventions).

From Faltinsen et al’s figure 3, at the waterline (r = a, z = 0), , is equal to 0.8.
So we present on figure 10, as functions of kga, our calculated values of the imaginary
parts of (p(Dzi(a, 0)/A?, together with the curve —0.4wky (a being equal to 1 m, and
koH to 8. 1, has been divided by 2 according to our convention — see (3.8)). As in
figure 2(a), we have separated the local and the oscillatory component ¢p,. We can
see that our local component and Faltinsen et al’s simple result do merge together
when koa — 0, while the oscillatory component goes to zero at a much faster rate.
However it is not negligible for kea > 0.05.

The second comparison that we show deals with the F§” component to the third-
order load. It is simply given by Faltinsen et al. as

FY =-linpgkla® 4’ (B2)

while in our approach it consists of two terms:

1
P = o [[ Vot-venas (®3)
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and
Ff)c =—pV / oV o ndcC. (B4)
Cso

According to Faltinsen et al’s theory the first term is dominant, the second one
being of a higher order in koa.

Figure 11 shows those three components, plotted versus koa. Again, the values
given by equations (B2) and (B3) do merge together when koa — 0, while those given
by equation (B4) do appear to be of higher order. However when one adds up Ff)s

and FéS)C, deviations from the asymptotic result very quickly occur when kya increases
from zero. The difference is already about 50 % for kga = 0.035.
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